To study resonant and virtual states in a wide variety of nuclear systems, we develop the Jost function method (JFM) for treating systems having non-local potentials. In the case that the Pauli principle for nucleons between clusters is treated by applying the orthogonality condition model (OCM) to the JFM, the pseudo-potential of the OCM can be considered one of the non-local potentials. As examples to demonstrate the applicability of our method, we apply it to a 16 O+α single-channel system and also a 9 Li+n coupled-channel system. We also treat a 16 O+n single-channel system with a knock-on exchange kernel to confirm that our method is applicable in more general cases having non-local potentials. §1. Introduction
§1. Introduction
In recent years, with developments in radioactive nuclear beam experiments, unstable nuclear physics has provided us with many interesting problems. 1), 2) Unstable nuclei have particular properties that differ from those of stable nuclei. The significant features of unstable nuclei have been revealed as follows: (a) many states are observed as unbound states; (b) broad resonant states, which have extremely large decay widths, have been observed; (c) some states have anomalously large r.m.s. radii, which are explained in terms of the so-called "halo" structure. From the above considerations, it is clear that investigations of unbound states are necessary in studies of the features of unstable nuclei.
In theoretical approaches to describing the unstable nuclear physics, the complex scaling method (CSM) has successfully been applied to solve resonance problems. 3) Resonance poles in the complex energy plane can be obtained after complex rotation of the coordinates (or momenta) of the system. In the CSM calculation in conventional cases, we solve a complex-rotated Schrödinger equation by using a matrix diagonalization method with an appropriate basis set. The real and imaginary parts of the complex eigenvalues obtained in this manner correspond to the resonance energy and total decay width of the resonant state, respectively. However, it has been pointed out that there is a difficulty in using the CSM to derive virtual states, which have negative real energy eigenvalues but have the opposite sign of the imaginary part of the momenta, and also to determine the partial decay widths in coupled-channel systems.
If we can calculate the "Jost function" of the Schrödinger equation everywhere in the complex momentum plane, the S-matrix, and hence the location of the pole, can be obtained. Recently, an accurate method for calculating the so-called Jost function was proposed by Sofianos and Rakityansky. This method is referred to as the Jost function method (JFM). 5), 6) Using the JFM, we investigated the partial decay widths in a coupled-channel problem. 7) In our JFM calculation, the singularity of the S-matrix at the resonance energy can be avoided, and the partial decay widths are obtained very accurately. Also, we have applied the JFM to calculate the s-wave virtual state with an effective 9 Li-n effective potential and showed that it is very powerful in solving the problem of the virtual state. 8) From a microscopic description of the relative motion between clusters, it is important to treat resonant states by taking into account the Pauli principle between clusters. The orthogonality condition model (OCM) is one efficient way to take into account the Pauli principle. 12) In this model, the Pauli-forbidden states are eliminated by using the projection operator to Pauli-allowed states. As a conventional calculation for the OCM, the pseudo-potential that constitutes a projection operator to a Pauli-forbidden state realized by multiplying a strength factor is employed, and the strength factor is chosen such that physically interesting eigenstates are Pauliallowed states. This conventional OCM is convenient in application to the CSM, and it has been successfully used in this manner in studies on unstable nuclear physics. However, in spite of such successes, the Pauli principle for nucleons in clusters has not been taken into account correctly in the calculations of the JFM formalism.
In this paper, we present a calculational method for treating a two-body system that has non-local potentials within the JFM formalism. The pseudo-potential of the OCM can be considered one of these non-local potentials. Therefore, we apply the present method "the JFM with the OCM (the JFM-OCM)" for obtaining the bound and resonant states of cluster systems. Furthermore, in the formulation of the JFM, we use the method of variation of parameters to reduce the inhomogeneous second order differential equation, which is the original Schrödinger equation, to a first order equation. The applicability of this method for solving integro-differential equations has not yet been investigated. If we can confirm its validity and practicality, the JFM-OCM should be very useful in the investigation of a wide class of nuclear states, including virtual states. The application of the JFM to the study of unstable nuclei is especially encouraging, since in that case, we must treat bound states, resonances and continuum states on the same footing.
In this paper, first, to demonstrate the applicability of the JFM to the OCM formalism and its usefulness, we solve a single channel model of a 16 O+α system. In this system, the Pauli principle for the particles in each cluster is treated in the OCM formalism. Using an effective 16 O-α interaction and the OCM, bound and low-lying resonant states are studied in Ref. 4 ). In the calculation of Ref. 4), the CSM with matrix diagonalization is used to obtain the OCM Hamiltonian. Therefore, we can compare the JFM-OCM results to the CSM results for bound and resonant states and examine the applicability of the JFM to the OCM formalism. Next, we show that the JFM-OCM is useful to treat a system that has a non-local potential. As an example, we derive the bound state of the 16 O-n system with a non-local potential that is the knock-on exchange kernel. 17) Finally, as an interesting example, we treat the problem of the virtual s-state in the 9 Li-n interaction using the JFM-OCM. With respect to the halo structure of 11 Li, much interest has been concentrated on the neutron level of the s-wave in the 10 Li nucleus. However, experimentally, the direct observation of the unbound s-wave neutron level is quite difficult, because it is believed to be a virtual state, which is an unbound state with a negative energy, sometimes called an "anti-bound" state. Theoretical investigation is, therefore, important, and the present the JFM-OCM should be of much help. In Ref. 8) , the virtual states in 10 Li are investigated without the OCM. There, the Pauli principle is treated in the sense of the so-called the Wildermuth condition. By contrast, in the present investigation using the JFM-OCM, we solve a coupled equation for the 9 Li+n system, where the 9 Li cluster is described by multiple configurations, taking into account the neutron J π = 0 + pairing. 9) In §2, we apply the formalism of the Jost function method (JFM) to the orthogonality condition model (OCM). Next, in §3, we give the calculational results obtained using the JFM-OCM for 16 O+α, 16 O+n and 9 Li+n. In §4, a summary and discussion are given. §2. The Jost function method with the orthogonality condition model
In this section, we briefly explain the original formalism of the Jost function method (JFM), and we apply the JFM to the OCM.
The Jost function method
The formalism of the JFM for a local-potential problem is as follows. We define the channel momentum k n for the nth channel as
where µ n is the reduced mass and E n is the energy difference (or the threshold energy) between this channel and the first channel. Then, the above Schrödinger equation is transformed to
where η n is the Coulomb constant and φ n (r) is the nth channel wave function. We treat the regular solution φ hereafter. Since Eq. (2 . 3) is a coupled Schrödinger equation of N channels, generally, the nth channel wave function φ n (r) can be written as a linear combination of N independent solutions {ϕ nm : m = 1, · · · , N}, using some constants c m as
In order to solve Eq. (2 . 3), we define the functional form of ϕ nm (r) as
Here, the functions H
n (k n r) are homogeneous solutions of Eq. (2 . 3) and correspond to incoming (−) and outgoing (+) waves. For the η n = 0 case, the H (±) n (k n r) are given by Coulomb wave functions, and for the η n = 0 case, they are given by RicattiHankel functions. As is standard in the variation of parameters method for solving an inhomogeneous second-order differential equation, we introduce the additional constraint H
Using Eqs. (2 . 5) and (2 . 6), we obtain a first-order differential equation for F
In the asymptotic region, the potential becomes zero: V nn (r) → 0. Then, the derivative of F (±) with respect to the coordinate r also becomes zero, from Eq. (2 . 7). Consequently, the quantities F (±) become constants, which correspond to the "Jost function(s)" of the original Schrödinger equations (2 . 1) and (2 . 3).
Once we can obtain the Jost functions F (±) (k), the S-matrix can be directly calculated from the equation
In a previous work, 7) we discussed the method of calculating the partial decay widths using the JFM in the S-matrix scheme. Also, in Ref. 8) , we showed that the JFM can be solved everywhere in the complex momentum plane, and virtual states (k = −ic : c > 0) can be obtained.
Energy independent non-local potential
Before we apply the orthogonality condition model (OCM), we consider the general case in which there is an energy independent non-local potential Λ(r, r ) by taking
Then, the Schrödinger equation (2 . 1) can be rewritten as follows:
SinceΛ|φ includes the integration over the coordinate r , we can transform Eq. (2 . 10) into its form in the JFM formalism: 
To simplify the expression of this equation, we have defined the functions G and K as follows:
Hence, the Jost function can be obtained by solving Eq. (2 . 11).
Applying to the orthogonality condition model
Next, we consider the OCM formalism 12) in the JFM framework. We defineP as the projection operator to the Pauli-forbidden states:
UsingP andQ, the Schrödinger equation in the OCM formalism can be written as
The projection operatorsP andQ are non-local. Therefore, in general, we separate the non-local part from the local part as
Then, we define the non-local operatorΛ aŝ
Since the operator Λ defined in Eq. (2 . 17) has an energy dependence, the integration kernel of Λ may have a singularity in some cases. Therefore, alternatively, we define the non-local potential λP as an additional term of the original Hamiltonian, H = T + V , in a conventional way in application of the OCM formalism as
Then, by taking λ → ∞, the component overlapping with the Pauli-forbidden state can be eliminated by solving the Schrödinger equation. This transformation is equivalent to defining the non-local potential in Eq. (2 . 10) aŝ
This definition of the non-local potential has no energy dependence, and therefore, the integration kernel has no singularity. §3. Procedure for numerical calculations
To solve the integro-differential equation (2 . 11) in the OCM formalism, where the non-local potential takes an essentially separable form, we can use the method in Ref. 12) . In this method, 12) we only have to solve the differential equation with inhomogeneous terms in the wave function in Pauli-forbidden states. However, in more general cases in which there is a non-local kernel K(r, r ) of non-separable form, we cannot use the method in Ref. 12) . In that case, if we solve the integro-differential equation (2 . 11) using an iteration procedure, we will cost much computational time due to the integration that must be carried out at each mesh point. Therefore, we employ a matrix inversion procedure. In this procedure, we integrate the integrodifferential equation (2 . 11) from 0 to r and thereby obtain an integral equation as follows:
In order to solve Eq. (3 . 1) numerically, we define matrices whose entries represent the values at each grid point, r = 0, r 1 , · · · , r M , for the wave functions and the integral kernels, F (r), F (0), G(r) and K(r, r ¼ ). Here, r M is taken as large as possible, so that it can be regarded as infinite.
First, F (r) is defined as an N × N matrix as
where each f nm is a column vector defined by
nm (r) represents a column vector that is defined by the values of F nm (r) represents an integral from 0 to r with integration weight w
Finally, the integral for the nonlocal kernel K is expressed in N × N matrix form as
Each matrix element K nm (r, r ¼ ) is defined as the product of two matrices h nm (r) and k nm (r, r ¼ ):
The matrix h nm is defined as the 2 × 2 matrix
As in the case of the elements of g nm , each element of h
nm (r) represents an integral from 0 to r with weight w
where h
Also, the matrices k nm (r, r ¼ ) are defined as the 2 × 2 matrices
The matrix k (±) nm (r, r ¼ ) represents an integral over the coordinate r from 0 to r M with integration weight v
Here, the definition of K
Using the above definitions, the integral equation (3 . 1) for the JFM can be written as follows:
Then, we obtain
Therefore, F (±) (r) can be obtained by performing the calculations for the matrix inversions and the matrix products in Eq. (3 . 17). §4. Results
In this section, we examine the applicability of the JFM with a non-local potential (the JFM-OCM) to actual calculations. Since the bound and resonant states can be obtained using other methods, for example the complex scaling method (CSM), we can check the results of our JFM-OCM calculation by comparing to those of the CSM. As examples, we carried out calculations for both single-and coupled-channel systems. We applied this method to the calculation of bound and resonant states of a 16 O+α single-channel model for the 20 Ne nucleus. We compare our results with those obtained using the CSM. Next, we treated the 16 O+n system with an energy independent non-local potential, a "knock-on" exchange kernel. Finally, to demonstrate the usefulness of the JFM-OCM, we applied it to calculations of virtual states, which cannot be obtained with the CSM. We calculated resonant and virtual states of the 9 Li+n coupled-channel model for the 10 Li nucleus. 16 O+α system Using the JFM-OCM, we calculated bound and resonant states for low-lying 0 + and 2 + waves of the 16 O+α system. The results are listed in Table I . It is seen that not only for the bound states but also for the resonant states, our JFM-OCM results agree with those of the CSM calculation. We also performed a JFM calculation with another method to treat the system within the OCM framework. 12) As shown in Table I , these three results agree. Therefore, it is shown that the JFM calculation is applicable to the OCM framework, and the accuracy of the JFM-OCM is sufficiently good.
A single-channel

A single-channel 16 O+n system with a non-local potential
To demonstrate the usefulness of our method for solving the JFM equation with more general non-local potentials, we computed the bound state of the 16 O+n system with a non-local potential. 17) Even though there is no restriction on the state that we are able to compute with our method, we chose this system and compare our result with that given in Ref. 17 ) in order to demonstrate its applicability.
The non-local potential we use here is the knock-on exchange kernel, which is a type of truncated RGM kernel that nonetheless contains sufficient information regarding the exchange between the valence nucleon and other nucleons in the core. 17) The explicit form of the knock-on exchange kernel 17) is
Here, the constants V 0 , α, β, w, m, etc. are given in Ref. 17) . The angle between the two vectors r and r is integrated out with the Legendre polynomial P l (z), and we obtain the non-local kernel for a definite angular momenta l as
We use Λ l (r , r) as the non-local potential in Eq. (2 . 11) and treat the system using the matrix inversion procedure for the integral equation Therefore, it is shown that the JFM-OCM is applicable for treating systems that have energy independent non-local potentials.
A coupled-channel 9 Li+n system
For single-channel systems, we obtained satisfactory results for the JFM-OCM. Next, as an example of a calculation for coupled-channel systems, we applied the JFM-OCM to the 9 Li-n system, in which the interaction is taken from Ref. 9). The 9 Li-n potential is constructed by taking into account the pairing correlation of the neutrons in the 9 Li core. The effect of the pairing in different configurations of the 9 Li core is expressed by using a coupled-channel model of the 9 Li+n system, as discussed in Ref. 9) .
From the theoretical investigation of 11 Li and 10 Li, it is suggested that the swave virtual state of 10 Li plays an important role in the simultaneous explanation of the halo structure, the weak-binding mechanism of 11 Li, and the unbound nature of 10 Li. Several experimental observations suggest the existence of such an s-wave virtual state for 10 Li. The coupled-channel calculation for the p-wave resonant states is done with the CSM in Ref. 9) . Also, the single-channel calculation for the s-wave virtual state without the OCM is done in Ref. 8 ). However, no calculations have yet been done for the s-wave virtual state with the OCM. Therefore, once we show that the JFM-OCM is applicable to the calculation of the s-wave virtual state as well as the p-wave resonant states in this coupled-channel system, the usefulness of the JFM-OCM is demonstrated.
Before we proceed to the calculation of the resonant and the virtual states, we briefly explain the 9 Li-n potential in this calculation. (For details, see Ref. 9).) We consider the ground state 9 Li wave function to be a linear combination of different configurations of neutrons:
The dominant configuration is that of a fully occupied p 3/2 -orbit, (0p 3/2 ) 4 . The next order of the configuration is that in which two neutrons in the 0p 3/2 -orbit form a J π = 0 + pair and go up to the 0p 1/2 -orbit. In that case, the 10 Li wave function is treated in the 9 Li+n model space with different configurations of the core Φ i as
Here A denotes antisymmetrization between the 9 Li core and a valence neutron, and χ i (r) is the relative wave function of 9 Li-n. Applying the wave function (4 . 7) to the 10 Li total Hamiltonian, we obtain the coupled-channel Schrödinger equation for the different 9 Li core configurations as follows:
Here, Λ i is the projection operator to the Pauli-forbidden states:
Due to the Pauli principle for the forbidden states, components of the pairing-excited channel are suppressed. For example, the valence neutron of the first excited channel (Λ 1 -channel) is suppressed such that it possesses a 0p 1/2 -component. Consequently, this pairing-blocking mechanism creates a repulsion from the p-wave states and relatively strong attraction to the s-wave states. The 9 Li-n interaction V F is of a folding type. We use the Hasegawa-Nagata NN -interaction, 11) v(r ij ) =
Due to the ambiguity in the effective interaction, for instance, in the renormalization of tensor interactions into the central potential, the potential strength may be treated as an adjustable parameter. Here, to make this explicit, we multiply the second part of the NN -interaction by a strength parameter, taking, v 0 2 → (1 + δ)v 0 2 . Technically speaking, in the two-channel calculation of this model, the potential part between the core and the valence neutron is diagonal. Only the OCM part coming from the pairing blocking in the 9 Li core has an off-diagonal matrix element in Eq. (4 . 8). The off-diagonal matrix elements are constant values and do not vanish in the asymptotic region. In order to treat this system in the JFM-OCM framework, we have to diagonalize the 9 Li core part in the Schrödinger equation, so that the potential and coupling term will vanish in the asymptotic region. (For details, see Appendix A.)
First, we calculate the resonant and virtual states of 10 Li, using the same parameter set as in Ref. 9) . The potential strength is taken as δ = 0.245, with which the p-wave resonance at around 500 keV is reproduced. The calculated results are summarized in Table II . We see that the results of the CSM and the JFM-OCM are in good agreement. The small discrepancy for the 2 + state is due to the fact that in this case the width of the resonance state is larger compared to that of the real part. In such the case, the CSM calculation may numerically have a small uncertainty.
When we use δ = 0.245, the 2 − state becomes a bound state. However, no bound state has been observed in experiments, and therefore we change the strength parameter δ so that both 1 − and 2 − states are virtual states. As a guide in changing the potential strength, we calculated the scattering length a 0 of s-states and determined its correspondence to δ. We did this because the location of the pole in the complex momentum (or energy) plane is difficult to determine experimentally. In particular, the virtual state cannot be obtained directly form experimental observation. In another way, the property of poles of virtual states can be characterized by the scattering length derived from the fitting of the observed cross sections. In the s-wave of 10 Li, a 0 = −20 fm is a typical value of the scattering length. 15) As shown in our calculation, the pole position of the 2 − state is closer than that of the 1 − state to the threshold. Since the effect of the virtual state pole on the cross section is determined by the closer pole to the threshold, we change the potential strength δ by paying attention to the scattering length of the 2 − state.
When we change the potential strength δ slightly, the scattering length a 0 changes drastically. We calculated the s-wave virtual state for several values of Table III . We see that the pwave resonances (1 + and 2 + ) become broader as the potential strength is increased. At the typical value of the scattering length a 0 = −20 fm for the 2 − state, where the potential strength is δ = 0.217, corresponding p-wave resonances are much broader than the experimentally observed resonances. 16) Therefore, even if we cannot reach a definite conclusion about the determination of δ in the interaction, at least we can conclude that the s-wave potentials should be weaker than those in Ref. 9 ) and the attraction for the p-waves must be stronger. The pairing-blocking effect can also be controlled by changing the coupling strength parameters and the single-particle energy for each channel. Hence, reconsideration of the values of these parameters is one possibility for quantitative understanding of the structure of 11 Li. §5. Summary and discussion
To summarize, we have investigated the applicability of the Jost function method for treating two-body systems with non-local potentials. As for examples of calculation, we use pseudo-potential that is usually used in the CSM calculations to find the eigenstate of the orthogonality condition model (OCM). Such a pseudo-potential is a non-local potential, although it possesses separable from. We have showed that the present method is applicable even with the OCM. For this reason, we call this calculational method combined with the OCM the "JFM-OCM".
The JFM-OCM gives the results with the same accuracy, and, for bound and resonant states, these results are close in the results of other calculations, the complex scaling method (CSM) and another method to treat systems within the OCM framework. 12) Hence, the applicability of the method of variation of parameters, which is the essential feature of the JFM, to integro-differential equations is demonstrated. Furthermore, using the JFM-OCM, we can calculate the s-wave virtual state, which is important in studying not only 10 Li and 11 Li but also other unstable nuclei near the drip line. Since the JFM can give the "Jost function" of the Schrödinger equation everywhere in the complex momentum planes, the JFM-OCM is a useful and powerful tool to study the properties of a resonant system in the coupled-channel system.
From the computational point of view, although the iteration procedure is a simple way to solve the integro-differential equation, the iteration may cause a numerical problem at each step when the contribution of the non-local potential is large. Therefore, we applied the matrix inversion procedure to solve the integral equation in our JFM-OCM formalism. Thus, based on the results of present calculation, we conclude that the matrix inversion procedure is very useful. Since with the matrix inversion procedure it is not necessary to carry out on the iteration, this procedure can solve the integral equation of the JFM-OCM much more quickly than the iteration procedure.
The OCM operator that we applied in this study has a separable form in the coordinate space representation. Hence, its applicability to fully non-local problems, like the resonating group method (RGM), should be tested. In such cases, the singularity of the integration kernel Λ coming from the energy dependence of the non-local kernel should be eliminated.
In conclusion, we have found that the JFM-OCM is effective in application to coupled-channel problems taking into account the Pauli principle between clusters. Therefore, this method is useful for studying unstable nuclei, with wide applicability.
